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WEST BENGAL STATE UNIVERSITY
B.Sc. Honours 3rd Semester Examination, 2022-23

MTMACORO05T-MATHEMATICS (CC5)

THEORY OF REAL FUNCTIONS
Time Allotted: 2 Hours » : : Full Marks: 50

) The figures in the margin indicate full marks.
Candidates are required to give their answers in their own words as far as practicable.
- All symbols are of usual significance.

Answer Question No. 1 and anyﬁve from the rest

1. Answer any five questions from the following: 2x5=10

(a) Prove that lim x¥?=0.
x—0

(b) Show that lim cosL does not exist.
x—=0 x

(c) Determine the value of a so that
x+1 ; x=<I

2.

3—ax”; x>1

o]

is continuous at x =1.

(d) Give an example of two functions f, g:1—> R, where [ is an interval in R, which
are not continuous at a point ce [, but f+g:I — Ris continuous at c.

(e) Show that the function f:[,2]> R defined by

x; xell, 2N Q
f(x)={—-x; xe[l,2]-Q

is discontinuous at every point of [1, 2].
(f) Examine the differentiability of f(x) at x=0 and x=1 where
1-x%, -—15x<0

fx)= 2ax+l, 05x<l
_x3+2, ISXS.?.

(g) Examine validity of Rolle’s theorem for the function

T
f(x)=sinxcosX, Xe [0, —2—}

Also, verify the conclusion of Rolle’s theorem for this function, if possible.
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(h) Examine the validity of the hypothesis and conclusion of Lagrange’s mean value
theorem for the following function:

F@)=x(x=1)(x~2) xe@,ﬂ
2
(i) Find the maximum value of the function

y=1+2sinx+3cos’x, 0<x<

Ny

2. () Let f:D—R, where DCR and let lim f(x)=/. Show that there is a

x—a

neighborhood N of a sothat f is bounded on (N —{a})ND.
(b) Show that '

lim X +2[x] =0

X—>00 X

where [x] denotes the integral part of x forany xe R.

3. (a) Let f:I—=>R and g:J —>Rbe such that Image f < J, f is continuous at a€ I
and g is continuous at, f(a)e J. Show that the composition go f:/—>R is

continuous at a.
(b) Let f:I—>R be a function continuous at ce I, where [ is an interval in R. Let
7 take both positive and negative values in each neighborhood of ¢. Show that

f@=0-

D—o>R(Dc Rj be a function and ¢ be a limit point of D.Let /€ R, then

. (a) Let f: :
4@ "if and only if 'for every sequence {x,} in D-{c}

prbve that ;l;]—ir:' fx)=1 .
' gto ¢, the sequence {f (x,)} convergesto /.

convergin
: . | |
(b) Using the above theorem prove that JI‘E)I“IJ cos— does not exist.
(a) Prove {hat every continuous function fon a closed and bounded interval [a, b] is
5 bounded and there exists a point c€ [a, b] such that
fle= sup f(x)
x€[a, b]

(b) Let J=[a,b] bea closed and bounded interval and f: [a, 5] — R be continuous

on I , then prove that f(I)={f ('x)v: x€ I} is a closed and bounded interval.

6. (a) Is 8 function f: IR which is uniformly continuous on 7, continuous on I ?
Give reason. '

Under what condition a continuous function f:I—R will be uniformly

continuous?
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rmly continuous on D and {x,} be a Cauchy
sequence in R. Using this,
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() If f:D—-)R(DCR) be unifo
sequence in D, then prove that {(f(x,)} isa Cauchy

—,isnotu

prove that f (x)= ; niformly continuous o1 ©,1).-

If f:I—>Ris differentiable at c€ ], then prove that f is increasing at x=c if
f(c)>0. :
Is the condition necessary for a function to be increasing at a point? Give reason.

Use this result to prove that

_*_<log(l+x)<X foral‘l x>0.

1+x

nd bounded interval [a, b] and

8. (a) Let a function f be derivable in some closed a
o that there exists at Jeast one point

reR with f(@)<k< 77(b). Then prov
ce (a, b) such that flo=k.

(b) If o(x) = f @)+ 1) and f

—é—) and monotone

"(x)<0 in [0, 1]. Then show that @ is monotone

increasing in [0, decreasing in (l, 1].
ee > 1, prove that there isa

be a polynomial of degr
ween two distinct roots of

9. (a) State Rolle’s Theorem. If p(x)
root of p'(x)+kp(x)=0 . k being a real constant, bet

plx)=0.
(b) Let f: R~ R be defined as follow:
x? cosl, x#0

o]
0, x=0

on is not continuous at x=0.

Show that f is derivable at x = 0 but derived functi

jon f be such that f (") (g) exists and M be defined as followé:

10.(a) Ifa funct

_ oo B B e A"
fla+h)=f@+hf @+ f @)+t £ V@ +—M
2! (n-1)! n!

Then show that M — £ (a) as h—0".
. 2x= D(x—38) . s .
(b) Show that for the function f(x)= _——————xz <14 the minimum value is greater than
the maximum value.

X
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